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Abstract When two particles attract via a resonant short-range interaction, three particles always
form an infinite tower of bound states characterized by a discrete scaling symmetry. It has been con-
sidered that this Efimov effect exists only in three dimensions. Here we review how the Efimov physics
can be liberated from three dimensions by considering two-body and three-body interactions in mixed
dimensions and four-body interaction in one dimension. In such new systems, intriguing phenomena
appear, such as confinement-induced Efimov effect, Bose-Fermi crossover in Efimov spectrum, and for-
mation of interlayer Efimov trimers. Some of them are observable in ultracold atom experiments and
we believe that this study significantly broadens our horizons of universal Efimov physics.
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21 Introduction
When particles attract via a short-range two-body interaction whose s-wave scattering length is much
larger than the range of the interaction potential, their low-energy physics becomes universal , i.e.,
independent of details of the interaction potential [1]. In 1970, Vitaly Efimov discovered that three
particles at infinite scattering length form an infinite tower of bound states whose binding energies En
have an accumulation point at E = 0 [2]. The most important characteristic of this Efimov effect is
the existence of a discrete scaling symmetry. Namely, the ratio of two successive binding energies is
constant
En+1
En
= λ−2 (1)
where λ is a scaling factor and given by λ = 22.7 for three identical bosons. This discrete scaling
symmetry is descended from the full scaling symmetry of the zero-range two-body interaction at infinite
scattering length. The necessity to regularize the short-distance behavior of three particles breaks the
full scaling symmetry down to a discrete one and leads to the infinite tower of bound states. This
peculiar phenomenon is a rare manifestation of the renormalization group limit cycle in physics [3]. In
this article, we define the Efimov effect as the appearance of an infinite tower of bound states with a
discrete scaling symmetry when particles attract via short-range interactions.
After the discovery by Efimov, it has been repeatedly discussed that the Efimov effect is absent in
two dimensions [4,5,6,7,8,9,10]. More precisely, the Efimov effect for three identical bosons appears
only in an interval of 2.30 < d < 3.76 [11]. Why does the Efimov effect exist only in three dimensions?
Or, can we liberate the universal Efimov physics from three dimensions? More generally, when does
such a peculiar phenomenon appear? These are questions we would like to address in this article.
In Sect. 2, we provide a simple argument to understand the absence of the Efimov effect in other
than three dimensions. Our logic is such that in order for the Efimov effect to appear, it is necessary that
particles attract via scale-invariant interactions from the definition of the Efimov effect. However, short-
range two-body interactions can satisfy this necessary condition only in three dimensions. Therefore, the
key to liberate the Efimov physics from three dimensions is whether we can find scale-invariant short-
range interactions in other than three dimensions. In Sect. 3, we show that two-body and three-body
interactions in mixed dimensions and four-body interaction in one dimension can be scale invariant
at their resonances and thus they satisfy the necessary condition for the Efimov effect. All such new
systems indeed exhibit the Efimov effect as we will show in a separate paper [12]. Table 1 summaries a
part of our results on the presence of the Efimov effect and critical mass ratios in various three-body
systems with resonant two-body interactions. In Sect. 4, we discuss a number of universal phenomena
unique in such new systems and observable in ultracold atom experiments. Section 5 is the summary
of this article and some details of results discussed in the text are presented in Appendices. In view of
the fact that most studies on the Efimov effect have been devoted to three dimensions for more than
40 years, we believe that this study significantly broadens our horizons of universal Efimov physics.
2 Absence of Efimov effect in other than three dimensions
Suppose two particles interact via a short-range potential V (r) that vanishes outside its potential range;
V (|r| > r0) = 0. After separating the center-of-mass motions, the two-body scattering is described by
Table 1 Efimov effect in AAB systems with resonant two-body interactions between A and B particles in
pure 3D, 2D-3D, 1D-3D, 2D-2D, and 1D-2D mixtures. ◦ (×) indicates the presence (absence) of the Efimov
effect for any mass ratio mA/mB , while numbers indicate critical mass ratios above which the Efimov effect
appears.
❍
❍
❍
❍B
A 3D 2D 1D
boson fermion boson fermion boson fermion
3D ◦ 13.6 ◦ 6.35 ◦ 2.06
2D ◦ 28.5 ◦ 11.0 ◦ ×
1D ◦ 155 ◦ × —
3the three-dimensional Schro¨dinger equation
[
− ~
2
2µ
∂2
∂r2
+ V (r)
]
ψ(r) = E ψ(r) with r = (r1, r2, r3), (2)
where µ is the reduced mass. The relative wave function outside the potential range but at the distance
scale much shorter than the de Broglie wavelength, r0 < |r| ≪ ~/
√
2µE, obeys the Laplace’s equation
∂2
∂r2
ψ(r) = 0. (3)
The general solution to this equation in the s-wave channel is given by
ψ(r) ∝ 1|r| −
1
a
, (4)
where a is the s-wave scattering length. The scattering length becomes infinite a→∞ at the resonance
where the interaction potential supports a two-body bound state exactly at zero binding energy. Fur-
thermore, if we are interested in the low-energy physics whose de Broglie wavelength is much longer
than the potential range r0 ≪ ~/
√
2µE, we can regard such a short-range potential as a zero-range
potential. The scale invariance is achieved by taking the zero-range limit r0 → 0 with keeping the
scattering length infinite. Now the Schro¨dinger equation becomes
− ~
2
2µ
∂2
∂r2
ψ(r) = E ψ(r) for |r| 6= 0 (5)
and the interaction potential is replaced by the short-range boundary condition:
ψ(|r| → 0) ∝ 1|r| +O(|r|). (6)
Then by adding a third particle, one can show that the Efimov effect appears [2]. Our purpose here
is not to show the presence of the Efimov effect in three dimensions but to show the presence of the
scale-invariant interaction, which is necessary for the Efimov effect. We refer to the zero-range and
infinite scattering length interaction implemented by Eq. (6) (and its analytic continuation to other
spatial dimensions) as the unitarity interaction.
In order to understand the absence of the Efimov effect in other than three dimensions, we gener-
alize the above argument to arbitrary spatial dimensions. In D dimensions, the short-range boundary
condition (6) is modified as
ψ(|r| → 0) ∝ 1|r|D−2 +O(|r|
4−D, |r|2), (7)
which is the singular solution to the D-dimensional Laplace’s equation (3). Because the wave function
has to be normalizable, the singularity of the wave function in Eq. (7) is unacceptable in higher
dimensions D > 4. In D = 4, the normalization integral is logarithmically divergent at the origin which
implies that two particles behave as a point-like composite particle [13,14]. This composite particle
is noninteracting with a third particle and thus they cannot form bound states. On the other hand,
the singularity of the wave function disappears in D = 2 which means that the interaction between
two particles also disappears. Obviously, three particles cannot form bound states from no interaction.
Finally in D = 1, the wave function (7) behaves as ψ(|r|) ∝ |r| at the short distance, which is a
consequence of the hardcore repulsion between two particles. The hardcore repulsion is scale invariant
but three particles cannot form bound states from the repulsive interaction. Indeed, the spectrum of
particles interacting via the hardcore repulsion inD = 1 is equivalent to that of noninteracting identical
fermions [15]. Therefore, we find that the Efimov effect cannot appear in one, two, and four dimensions
from any short-range two-body interactions because the unitarity interaction becomes trivial in such
dimensions. Table 2 summarizes the fate of three identical bosons in the unitarity limit as a function
of the dimensionality D.
4Table 2 Fate of three identical bosons in the unitarity limit. They form an Efimov trimer only in D = 3 and
become trivial systems in D = 1, 2, 4. The unitarity interaction does not exist in higher dimensions D > 4.
D = 1 hardcore repulsion ⇒ free fermions
D = 2 free bosons
D = 3 Efimov trimer (2.30 < d < 3.76)
D = 4 free composite + one boson
For completeness, we also consider higher partial-wave interactions. In a partial-wave channel with
orbital angular momentum ℓ ≥ 0, the radial wave function at the distance scale r0 < |r| ≪ ~/
√
2µE
behaves as
ψ(r) ∝ 1|r|ℓ+D−2 −
|r|ℓ
aℓ
. (8)
In order for the interaction potential to produce the scale-invariant attraction in the zero-range limit
r0 → 0, the power of the first term needs to satisfy
0 < ℓ+D − 2 < D
2
. (9)
The first inequality comes from the requirement of the attraction and the second comes from the
normalizability of the wave function. The constraint (9) cannot be satisfied by any non-negative integers
ℓ = 0, 1, 2, . . . in D ≥ 4, while it can be satisfied only in the s-wave channel ℓ = 0 in D = 3 that is
the case discussed above. In D = 2, Eq. (9) reduces to 0 < ℓ < 1, which cannot be satisfied by bosons
(ℓ = 0) or fermions (ℓ = 1) but can be satisfied by anyons [16]. The case of anyons will be treated
separately in Sect. 4.4.
3 Unitarity interactions beyond three dimensions [17]
We have seen that the Efimov effect can appear only in three dimensions because the scale-invariant
unitarity interaction is nontrivial only in three dimensions and becomes trivial in one, two, and four
dimensions and does not exist in higher dimensions. Therefore, the key to liberate the Efimov physics
from three dimensions is whether we can find nontrivial scale-invariant short-range interactions in other
than three dimensions. We recall that three dimensions were special because the relative wave function
at a short distance obeys the three-dimensional Laplace’s equation (3) that admits the normalizable
singular solution as in Eq. (6). However, three spatial dimensions are actually not essential for the three-
dimensional Laplace’s equation. What is essential is the fact that the scattering is described by three
relative coordinates r = (r1, r2, r3) and their physical meaning does not matter. Of course, as far as
the scattering of two particles living in the same space is concerned, the numbers of spatial dimensions
and relative coordinates coincide, but more generally they do not. For example, the scattering of four
particles in one dimension is described by the same Schro¨dinger equation as Eq. (2) with three relative
coordinates r = (r1, r2, r3) because each particle has one coordinate and one center-of-mass coordinate
can be separated. The short-range potential V (r) in this case represents a four-body interaction in
one dimension, which produces the scale-invariant attraction in the zero-range limit at the four-body
resonance.
In order to elucidate all possible scale-invariant short-range interactions, we consider the scattering
of N particles labeled by i = 1, . . . , N , each of which lives in a di-dimensional flat space. If all spaces
have a common d‖-dimensional intersection, the center-of-mass motions in such directions can be
separated from the relative motions. Therefore, by introducing the codimension d⊥i ≡ di − d‖, the
number of relative coordinates is given by
D =
N∑
i=1
di − d‖ =
N∑
i=1
d⊥i + (N − 1) d‖ (10)
5Table 3 All possible combinations of spatial dimensions di ≥ 1 where the scattering of N particles is described
by three relative coordinates [17]. In each system, an N-body interaction potential becomes scale invariant in
the unitarity limit and N+1 particles exhibit the Efimov effect.
# of particles and dimensions Name Example of geometry
N = 2 (dA, dB ; d‖) = (3, 3; 3) pure 3D xA = xB = (x, y, z)
N = 2 (dA, dB ; d‖) = (2, 3; 2) 2D-3D mixture xA = (x, y) xB = (x, y, z)
N = 2 (dA, dB ; d‖) = (1, 3; 1) 1D-3D mixture xA = (z) xB = (x, y, z)
N = 2 (dA, dB ; d‖) = (2, 2; 1) 2D-2D mixture xA = (x, z) xB = (y, z)
N = 2 (dA, dB ; d‖) = (1, 2; 0) 1D-2D mixture xA = (z) xB = (x, y)
N = 3 (dA, dB , dC ; d‖) = (1, 1, 2; 1) 1D
2-2D mixture xA = xB = (x) xC = (x, y)
N = 3 (dA, dB , dC ; d‖) = (1, 1, 1; 0) 1D-1D-1D mixture xA = (x) xB = (y) xC = (z)
N = 4 (dA, dB , dC , dD; d‖) = (1, 1, 1, 1; 1) pure 1D xA = xB = xC = xD = (x)
and the scattering problem is described by the D-dimensional Schro¨dinger equation (2). If d⊥i = 0 for
all i, all particles live in the same space while otherwise they live in different spaces and interact only
at their intersection. The latter case is referred to as mixed dimensions. As we have shown, the short-
range N -body interaction potential V (r) can produce the scale-invariant attraction in the unitarity
limit only when D = 3. All possible combinations of spatial dimensions for D = 3 are summarized
in Table 3. Here we assumed di ≥ 1 for all i because di = 0 corresponds a zero-dimensional impurity
and is rather trivial. In addition to the ordinary two-body interaction in three dimensions, we find
seven more systems in which short-range few-body interactions become scale invariant in the unitarity
limit; two-body and three-body interactions in mixed dimensions and four-body interaction in one
dimension [17]. These new systems in the unitarity limit satisfy the necessary condition for the Efimov
effect and thus we expect that the addition of an (N+1)th particle may lead to the formation of an
infinite tower of (N+1)-body bound states with a discrete scaling symmetry. Indeed, this expectation
turns out to be true and N+1 particles in all such new systems exhibit the Efimov effect as we will
show in a separate paper [12]. By this way, we can liberate the universal Efimov physics from three
dimensions !
4 Efimov physics beyond three dimensions
We shall defer to Ref. [12] on complete and unified analyses of the Efimov effect in all possible cases
found in the previous section. Instead, here we focus on a number of universal phenomena that cannot
be found in the ordinary Efimov physics in three dimensions and are thus unique in our new systems.
Some of them are observable in ultracold atom experiments.
4.1 Confinement-induced Efimov effect [18]
Let us consider a three-body system composed of two A and one B particles in which A and B particles
attract via a zero-range and infinite scattering length interaction while two A particles do not interact
with each other. The presence or absence of the Efimov effect can be diagnosed by studying the scaling
behavior of three-body wave function ψ ∼ Rγℓ at a small hyperradius R → 0 in a given partial-wave
channel classified by a quantum number ℓ.1 When the scaling exponent γℓ develops an imaginary part
Im[γℓ] ≡ sℓ > 0, the Efimov effect appears in the ℓth partial-wave channel2 and the spectrum of AAB
1 For example, ℓ = 0, 1, 2, . . . is the orbital angular momentum in pure 3D, ℓ = 0,±1,±2, . . . is the magnetic
quantum number in 2D-3D mixture, and (−1)ℓ = ±1 (ℓ = 0, 1) is the parity in 1D-3D mixture.
2 On the other hand, real solutions of the scaling exponent γℓ correspond to energies of N+1 particles in a
harmonic potential by E =
(
1
2
∑N+1
i=1 di + γℓ + 2n
)
~ω with n = 0, 1, 2, . . . [19,20,21].
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Fig. 1 Exponents sℓ of AAB Efimov trimers as functions of the mass ratio mA/mB when A particles are
bosons (left) and fermions (right). Solid, dashed, and dotted curves correspond to pure 3D, 2D-3D mixture,
and 1D-3D mixture, respectively, in which two A particles are confined in lower dimensions and resonantly
interact with one B particle in 3D. Scaling factors are given by λ = eπ/sℓ and sℓ = 0 indicates the absence of
the Efimov effect.
Efimov trimers exhibits the discrete scaling symmetry as in Eq. (1):
En+1
En
= e−2π/sℓ ≡ λ−2. (11)
Here the scaling factor λ = eπ/sℓ > 1 depends on the mass ratiomA/mB, statistics, and dimensionality
of A and B particles. Figure 1 shows the exponent sℓ as a function of mA/mB in pure 3D, 2D-3D
mixture, and 1D-3D mixture, in which two A particles are confined in lower dimensions with keeping
one B particle in 3D [17]. When sℓ is larger (smaller), the spectrum becomes denser (sparser) and
sℓ = 0 indicates the absence of the Efimov effect.
When A particles are bosons (left panel in Fig. 1), the AAB system always exhibits the Efimov
effect in the s-wave or even-parity channel (ℓ = 0) for any mass ratio, but the scaling factor is strongly
affected by the dimensionality of A particles. For example, for mA/mB = 87/41 corresponding to the
Bose-Bose mixture of A = 87Rb and B = 41K [22], the scaling factor is given by
λ = 131 in pure 3D, (12a)
λ = 27.7 in 2D-3D mixture, (12b)
λ = 34.6 in 1D-3D mixture, (12c)
while for mA/mB = 41/87 corresponding to A =
41K and B = 87Rb, we find
λ = 3.48× 105 in pure 3D, (13a)
λ = 59.3 in 2D-3D mixture, (13b)
λ = 67.6 in 1D-3D mixture. (13c)
Therefore, the scaling factor can be significantly decreased by confining two A particles in lower di-
mensions, which makes the spectrum of AAB Efimov trimers much denser.
On the other hand, when A particles are fermions (right panel in Fig. 1), the effect of the confinement
is more striking. As a consequence of the Fermi statistics, there is a critical mass ratio above which the
AAB system exhibits the Efimov effect in the p-wave or odd-parity channel (ℓ = 1) [23]. The critical
mass ratio depends on the dimensionality of A particles and is given by
mA/mB = 13.6 in pure 3D, (14a)
mA/mB = 6.35 in 2D-3D mixture, (14b)
mA/mB = 2.06 in 1D-3D mixture. (14c)
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Fig. 2 Same as Fig. 1 but for cases in which one B particle is confined in lower dimensions and resonantly
interacts with two A particles in 3D.
Therefore, although the Fermi-Fermi mixture of A = 40K and B = 6Li with mA/mB = 40/6 does not
exhibit the Efimov effect in a free space, the Efimov effect can be induced by confining two 40K atoms
in lower dimensions because their mass ratio lies in 6.35 < mA/mB < 13.6. The scaling factor in this
case is given by
no Efimov effect in pure 3D, (15a)
λ = 1.78× 105 in 2D-3D mixture, (15b)
λ = 22.0 in 1D-3D mixture. (15c)
This is a new type of the Efimov effect referred to as confinement-induced Efimov effect and will
be observable in ultracold atom experiments [24,25,26,27,28,29,30] through the measurement of the
three-body recombination rate [18]. As is discussed in Refs. [18,31], resulting Efimov trimers realized
in ultracold atoms have a small decay width and thus they are expected to be long-lived. On the other
hand, for mA/mB = 6/40 < 2.06 corresponding to A =
6Li and B = 40K, the Efimov effect does not
take place in any dimensions.
Figure 2 shows the same exponent sℓ but for cases in which one B particle is confined in lower
dimensions with keeping two A particles in 3D [17]. When A particles are bosons (left panel in Fig. 2),
the AAB system always exhibits the Efimov effect in the s-wave or even-parity channel (ℓ = 0) for any
mass ratio mA/mB, but the scaling factor λ = e
π/sℓ is significantly increased by the confinement. For
example, for mA/mB = 87/41 or mA/mB = 41/87, we find
λ = 131 or λ = 3.48× 105 in pure 3D, (16a)
λ = 529 or λ = 6.95× 106 in 2D-3D mixture, (16b)
λ = 1.10× 104 or λ = 5.67× 109 in 1D-3D mixture, (16c)
respectively. On the other hand, when A particles are fermions (right panel in Fig. 2), the AAB system
exhibits the Efimov effect in the p-wave or odd-parity channel (ℓ = 1) only above a critical mass ratio
given by
mA/mB = 13.6 in pure 3D, (17a)
mA/mB = 28.5 in 2D-3D mixture, (17b)
mA/mB = 155 in 1D-3D mixture. (17c)
Therefore, the formation of AAB Efimov trimers becomes more difficult by confining one B particle
in lower dimensions as opposed to confining two A particles. In particular, this Efimov effect does not
take place in any dimensions for the Fermi-Fermi mixture of A = 40K, B = 6Li or A = 6Li, B = 40K.
84.2 Bose-Fermi crossover in Efimov spectrum
In the above discussions, we assumed that two A particles do not interact with each other. The
presence of a short-range interaction between A particles modifies the spectrum of AAB Efimov trimers.
Suppose A particles are bosons and interact with each other via a zero-range potential with finite
scattering length a, in addition to the infinite scattering length interaction with one B particle. Because
a introduces a scale, the spectrum of AAB trimers {En} is no longer given by Eq. (1). For deep trimers
whose size ∼ κ−1n ≡ ~/
√
2µ|En| is much smaller than |a|, the scattering length can be regarded as
effectively infinite a → ∞. Because the scale a disappears in such a limit, the spectrum of trimers
exhibits the approximate discrete scaling symmetry with a certain scaling factor λuv due to the Efimov
effect. On the other hand, for shallow trimers whose size ∼ κ−1n is much larger than |a|, the scattering
length can be regarded as effectively vanishing a → 0. Because the scale a disappears in such a limit
again, the spectrum of trimers exhibits the approximate discrete scaling symmetry but with a different
scaling factor λir. Therefore, the spectrum of AAB trimers shows an intriguing crossover from the
ultraviolet scaling behavior
En+1
En
≈ λ−2uv for
1
κn|a| ≪ 1 (18)
to the infrared scaling behavior
En+1
En
≈ λ−2
ir
for
1
κn|a| ≫ 1. (19)
In a terminology of the renormalization group, this is a crossover from the ultraviolet limit cycle
governed by a → ∞ to the infrared limit cycle governed by a → 0. If the Efimov effect does not take
place in the limit a → 0 which corresponds to λir → ∞, the Efimov spectrum of trimers in Eq. (18)
will terminate around κn|a| ∼ 1.
We demonstrate this general consideration by taking a particularly interesting example in which
two A bosons are confined in 1D and resonantly interact with one B particle in 3D. The zero-range
potential between A bosons is given by
VA(z) = g1D δ(z) with g1D ≡ − 2 ~
2
mAa1D
, (20)
where a1D < 0 is the 1D scattering length. At infinite scattering length a1D → ∞, the coupling
vanishes g1D → 0 and thus two A bosons are noninteracting. Therefore, the ultraviolet scaling factor
λuv = e
π/suv is simply obtained from the exponent suv = s0 for noninteracting A bosons, which is
already plotted in the left panel of Fig. 1 (dotted curve) as a function of the mass ratio mA/mB.
On the other hand, at zero scattering length a1D → −0, the coupling diverges g1D → +∞ and thus
the potential VA(z) becomes a hardcore repulsion. Since the spectrum of bosons interacting via the
hardcore repulsion in 1D is equivalent to that of noninteracting identical fermions [15], the infrared
scaling factor λir = e
π/sir is obtained from the exponent sir = s1 for noninteracting A “fermions”,
which is also already plotted in the right panel of Fig. 1 (dotted curve).
Figure 3 shows the ratio of two successive binding energies
√
En/En+1 = κn/κn+1 in the even-
parity channel as a function of 1/(κn|a1D|) for two mass ratios mA/mB = 41/6 (left panel) and
mA/mB = 41/40 (right panel), corresponding to A =
41K, B = 6Li and A = 41K,B = 40K, respectively
(see Appendix A for details). In the former case of mA/mB = 41/6, the spectrum of AAB trimers
shows the crossover from the bosonic scaling behavior
κn
κn+1
≈ 13.3 for 1
κn|a1D| ≪ 1 (21)
to the fermionic scaling behavior
κn
κn+1
≈ 21.0 for 1
κn|a1D| ≫ 1. (22)
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Fig. 3 Bose-Fermi crossover in ratios of two successive binding energies
√
En/En+1 = κn/κn+1 of AAB
trimers in the even-parity channel as functions of 1/(κn|a1D|). The left and right panels are for mass ratios
mA/mB = 41/6 and mA/mB = 41/40, respectively, and the 1D scattering length is chosen as a1D = −κ−1∗ ,
where κ∗ is the Efimov parameter in the noninteracting limit a1D →∞ [see Eq. (39)].
On the other hand, in the latter case of mA/mB = 41/40, the Efimov spectrum of trimers
κn
κn+1
≈ 52.5 for 1
κn|a1D| ≪ 1 (23)
terminates around κn|a1D| ∼ 1 because the mass ratio is below the critical value of mA/mB = 2.06 for
A “fermions”. This new phenomenon, Bose-Fermi crossover in the Efimov spectrum, is unique in our
1D-3D mixture and will be in principle observable in ultracold atom experiments.
4.3 Interlayer Efimov trimers and stability in ultracold atoms [32]
Efimov trimers realized in ultracold atoms are unstable due to the three-body recombination decay-
ing into deeply bound dimers (see, for example [33]). This would be a part of the reasons why the
spectroscopy of the Efimov trimers has not been performed in ultracold atom experiments with the
exception of recent Refs. [34,35]. The idea of mixed dimensions is useful to realize stable Efimov trimers
in ultracold atoms.
In order for an AAB trimer to decay into a deeply bound AB dimer with an A atom, all three
atoms have to come within a narrow range of the interatomic potential ∼ r0. This inelastic three-
body collision can be prevented by spatially separating two A atoms by a distance larger than r0.
Therefore, we consider to confine two A particles in two parallel 2D planes or 1D lines separated
by a distance d and let them interact with one B particle placed in 3D. By making d ≫ r0 and
neglecting the interlayer or interwire tunneling, the AAB system becomes stable against the three-
body recombination. Furthermore, when the short-range interaction between A and B particles is
resonant, two A and one B particles always form an infinite tower of bound states even if two A
particles are spatially separated regardless of their statistics and mass ratio. This is because spatially
separated A particles are distinguishable and also because if the size of trimer ∼ κ−1n ≡ ~/
√
2µ|En|
is much larger than d, the separation of two planes or lines can be regarded as effectively vanishing
d→ 0 and thus the problem reduces to the ordinary 2D-3D or 1D-3D mixture where the Efimov effect
always appears in the s-wave or even-parity channel (ℓ = 0) for any mass ratio as is shown in Sect. 4.1.
Therefore, the spectrum of shallow AAB trimers exhibits the approximate discrete scaling symmetry
as
En+1
En
≈ e−2π/s0 for κnd≪ 1, (24)
where the exponent s0 is plotted in the left panel of Fig. 1 (dashed or dotted curve) as a function of
the mass ratio mA/mB. On the other hand, since two A particles are spatially separated at least by
the distance d, the size of trimer ∼ κ−1n cannot be smaller than d and thus the Efimov spectrum of
trimers in Eq. (24) has to be terminated by a ground state trimer around κ0d ∼ 1.
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Fig. 4 Ground state binding energies −d√2µ|E0|/~2 of AAB trimer in bilayer 2D-3D (left panel) and biwire
1D-3D (right panel) mixtures as functions of the inverse effective scattering length d/aeff . The lower and upper
solid curves are for mass ratios mA/mB = 40/6 and mA/mB = 6/40, respectively, and the dashed and dotted
lines are atom-dimer and dimer-dimer thresholds; E = −~2/(2µa2eff ) and E = −~2/(µa2eff ).
Figure 4 shows the ground state binding energy −d
√
2µ|E0|/~2 of AAB trimer in bilayer 2D-3D
(left panel) and biwire 1D-3D (right panel) mixtures as a function of the inverse effective scattering
length d/aeff for two mass ratios mA/mB = 40/6 and mA/mB = 6/40, corresponding to A =
40K,
B = 6Li and A = 6Li, B = 40K, respectively [32] (see Appendix B for details).3 In particular, the
ground state binding energy in the unitarity limit aeff →∞ is found to be
E0 = − ~
2
2µ
(
0.222
d
)2
for
mA
mB
=
40
6
(25a)
E0 = − ~
2
2µ
(
0.0310
d
)2
for
mA
mB
=
6
40
(25b)
in bilayer 2D-3D mixture and
E0 = −~
2
2µ
(
0.370
d
)2
for
mA
mB
=
40
6
(26a)
E0 = −~
2
2µ
(
0.109
d
)2
for
mA
mB
=
6
40
(26b)
in biwire 1D-3D mixture.4 The ground state trimer in the unitarity limit aeff →∞ is accompanied by
an infinite tower of excited trimer states (not shown in Fig. 4) exhibiting the discrete scaling symmetry
as
En≫1 ≈ −~
2
2µ
(
0.231
d
)2
× (11.3)−2n for mA
mB
=
40
6
(27a)
En≫1 ≈ −~
2
2µ
(
0.0311
d
)2
× (69.3)−2n for mA
mB
=
6
40
(27b)
3 The analog of the scattering length in mixed dimensions is referred to as the effective scattering length
aeff [17]. In this article, we choose its normalization so that the binding energy of two-body bound state for
aeff > 0 is given by E = −~2/(2µa2eff ). See also Refs. [36,37] in which the different normalization was chosen
so that E = −~2/(2mBa2eff).
4 If we choose d = 390 nm for A = 40K and B = 6Li, the ground state binding energy is given by E0 =
−15.1 nK× kB in bilayer 2D-3D mixture and E0 = −41.9 nK× kB in biwire 1D-3D mixture.
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Fig. 5 Renormalization group flow diagram in the plane of three-body and four-body couplings, v3 and v4,
when the two-body interaction is tuned to the two-body resonance a→∞ [16]. If the three-body interaction is
tuned to the ultraviolet fixed point at v3 = 10π|α| corresponding to the three-body resonance, the four-body
coupling v4 exhibits the limit cycle (thick line with two arrows) indicating the Efimov effect in four anyons.
in bilayer 2D-3D mixture and
En≫1 ≈ − ~
2
2µ
(
0.399
d
)2
× (13.6)−2n for mA
mB
=
40
6
(28a)
En≫1 ≈ − ~
2
2µ
(
0.109
d
)2
× (76.6)−2n for mA
mB
=
6
40
(28b)
in biwire 1D-3D mixture. Since the interlayer or interwire separation d is the only scale and plays a
role of short-distance cutoff, the spectrum of Efimov trimers that bridge between layers or wires is
completely determined by d (and the effective scattering length aeff if finite). Unlike ordinary Efimov
trimers in a free space, these interlayer and interwire Efimov trimers are stable in ultracold atoms and
thus will enable the spectroscopy of the Efimov spectrum in future experiments.
As we have seen above, interlayer or interwire Efimov trimers in the s-wave or even-parity channel
(ℓ = 0) are always formed for any mass ratio. On the other hand, in the p-wave or odd-parity channel
(ℓ = 1), they are formed only above a critical mass ratio given by mA/mB = 6.35 in bilayer 2D-3D
mixture or mA/mB = 2.06 in biwire 1D-3D mixture [see Eq. (14)] and the scaling exponent s1 is
plotted in the right panel of Fig. 1 (dashed or dotted curve) as a function of the mass ratio mA/mB.
In the case of bilayer 2D-3D mixture, further infinite towers of interlayer Efimov trimers can appear
in higher partial-wave channels by increasing mA/mB.
4.4 Resonantly interacting anyons in two dimensions [16]
So far we have discussed the Efimov effect for resonantly interacting bosons and fermions. Here we
discuss the possibility of the Efimov effect for anyons in two dimensions. As we have shown below
Eq. (9) in Sect. 2, the unitarity limit becomes trivial both for bosons and fermions in two dimensions
and thus they cannot exhibit the Efimov effect. On the other hand, the unitarity limit is nontrivial for
anyons and thus they may exhibit the Efimov effect.
Ref. [16] developed a perturbation theory to treat anyons attracting via a resonant short-range
interaction near the fermionic limit. It was found that unlike bosons in three dimensions, three reso-
nantly interacting anyons do not exhibit the Efimov effect. However, if both two-body and three-body
interactions are simultaneously tuned to the two-body and three-body resonances, then the four-body
coupling exhibits the renormalization group limit cycle which indicates the Efimov effect in four anyons
(see Fig. 5). Near the fermionic limit |α| ≪ 1, the ratio of two successive binding energies of four anyons
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shows the discrete scaling symmetry as
En+1
En
= exp
[
− 2π
6|α|+O(α2)
]
, (29)
where α is the statistics parameter defined so that α = 0 corresponds to fermions and |α| = 1
corresponds to bosons. On the other hand, anyons near the bosonic limit |α| → 1 do not exhibit
the Efimov effect. Therefore, the infinite tower of four-anyon bound states found near the fermionic
limit |α| ≪ 1 has to disappear at a certain critical value of 0 < |α| < 1.
5 Summary
The Efimov physics has been studied for more than 40 years and considered to exist only in three
dimensions. In this article, we reviewed how the Efimov physics can be liberated from three dimensions.
We elucidated that scale-invariant interactions are necessary for the Efimov effect and found that two-
body and three-body interactions in mixed dimensions and four-body interaction in one dimension
become scale invariant in the unitarity limit. Then by adding another particle, all such new systems
indeed exhibit the Efimov effect. Complete and unified analyses of the Efimov effect in all possible
cases will be presented in a separate paper [12]. Here we focused on a number of universal phenomena,
such as confinement-induced Efimov effect, Bose-Fermi crossover in Efimov spectrum, and formation
of interlayer Efimov trimers, that are unique in our new systems and observable in ultracold atom
experiments. We also discussed the Efimov effect for anyons in two dimensions. Therefore, we can
find the Efimov effect in all spatial dimensions; three bosons with a resonant two-body interaction in
3D [2], four anyons with resonant two-body and three-body interactions in 2D [16], five bosons with a
resonant four-body interaction in 1D [38], and various mixed-dimensional systems [17]. An important
first step toward Efimov physics beyond three dimensions has been recently taken by the experimental
group at Florence [39]. They realized the 2D-3D mixed dimensions by using the ultracold Bose-Bose
mixture of 41K in 2D and 87Rb in 3D and observed a series of two-body scattering resonances where
the Efimov effect is supposed to appear. In view of the fact that most studies on the Efimov effect
have been devoted to three dimensions for more than 40 years, we believe that this study significantly
broadens our horizons of universal Efimov physics.
Acknowledgements Y.N. was supported by MIT Pappalardo Fellowship in Physics and the U. S. Department
of Energy under cooperative research agreement Contract Number DE-FG02-94ER40818.
A Details of Bose-Fermi crossover in 1D-3D mixture
Here we provide details of the Bose-Fermi crossover in Efimov spectrum discussed in Sect. 4.2. Two A bosons
in 1D interacting with one B particle in 3D are described by the Schro¨dinger equation (~ = 1):[
− 1
2mA
(
∂2
∂z2A1
+
∂2
∂z2A2
)
− 1
2mB
(
∂2
∂z2B
+
∂2
∂x2B
)
+ V
]
ψ(zA1, zA2, zB,xB) = E ψ(zA1, zA2, zB,xB). (30)
Here x = (x, y) are two-dimensional coordinates and the zero-range potential V is given by
V ψ(zA1, zA2, zB,xB) = δ(zB − zA1) δ
(√
mB
µ
xB
)
f(zA1 − zA2) + δ(zB − zA2) δ
(√
mB
µ
xB
)
f(zA2 − zA1)
+ g1D δ(zA1 − zA2)ψ(zA1, zA1, zB ,xB).
(31)
The unknown function f is defined as
f(zA1 − zA2) ≡ 2πaeff
µ
lim
zB→zA1,xB→0
∂
∂R
[Rψ(zA1, zA2, zB,xB)] , (32)
where µ ≡ mAmB/(mA+mB) is the reduced mass, aeff is the effective scattering length, andR ≡
√
(zB − zA1)2 + mBµ x2B
is the “distance” between A and B particles [17]. Since the system is translationally invariant in the z direction,
it is convenient to introduce new coordinates
z12 ≡ zA1 − zA2, zAB ≡ zB − zA1 + zA2
2
, and Z ≡ mAzA1 +mAzA2 +mBzB
2mA +mB
(33)
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and separate the center-of-mass coordinate Z.
For bound states E = −|E| < 0, the Schro¨dinger equation is formally solved by
ψ(z12, zAB ,xB) = −
∫
dz′12dz
′
ABdx
′
B 〈z12, zAB ,xB| 1
H0 + |E| |z
′
12, z
′
AB ,x
′
B〉V ψ(z′12, z′AB ,x′B). (34)
By imposing the short-range boundary condition from Eq. (32)
lim
zAB→
z12
2
,xB→0
ψ(z12, zAB,xB) =
µ
2π
[
1
aeff
− 1
R
]
f(z12) +O(R) (35)
and by taking the limit z12 → 0, we obtain a set of two integral equations obeyed by f(z12) and g(zAB,xB) ≡
g1Dψ(0, zAB,xB). In the unitarity limit aeff → ∞, these integral equations in the momentum space are ex-
pressed by
µ
mB
∫
dqzdq
(2π)3

 1
(2pz−qz)
2
4mA
+ 2mA+mB
4mAmB
q2z +
q2
2mB
+ |E|
− 1
q2z
2µ
+ q
2
2mB

 f(pz)
= − µ
mB
∫
dqzdq
(2π)3
f(qz − pz)
(2pz−qz)
2
4mA
+ 2mA+mB
4mAmB
q2z +
q2
2mB
+ |E|
−
∫
dqzdq
(2π)3
g(qz, q)
(2pz−qz)
2
4mA
+ 2mA+mB
4mAmB
q2z +
q2
2mB
+ |E|
(36)
and
 1
g1D
+
∫
dqz
2π
1
q2z
mA
+ 2mA+mB
4mAmB
p2z +
p2
2mB
+ |E|

 g(pz,p) = − 2µ
mB
∫
dqz
2π
f(qz +
pz
2
)
q2z
mA
+ 2mA+mB
4mAmB
p2z +
p2
2mB
+ |E|
. (37)
By substituting the solution g(pz,p) of the second equation into the first integral equation, we arrive at a
closed integral equation obeyed by f(pz):
√
2u+ 1
(u+ 1)2
p2z + ε f(pz) = 4π
Λ∫
dqzdq
(2π)3
f(qz)
p2z + q2z +
2u
u+1
pzqz + q2 + ε
− 16π
√
2
u+ 1
∫
dkzdk
(2π)3
1
p2z +
√
2
u+1
pzkz + k2z + k2 +
u+1
2
ε
× 1|a1D|+ 1√ 2u+1
2u+2
k2z+k
2+u+1
2
ε
Λ∫
dqz
2π
f(qz)
q2z +
√
2
u+1
qzkz + k2z + k2 +
u+1
2
ε
,
(38)
where we defined u ≡ mA/mB and ε ≡ 2µ|E| and rescaled integration variables to simplify the expression.
This integral equation in the even-parity channel f(pz) = f(−pz) has to be solved numerically to find the
spectrum of AAB trimers.
In the noninteracting limit a1D →∞, we find the Efimov spectrum
En = −~
2κ2∗
2µ
× e−2πn/suv , (39)
where the exponent suv is an imaginary part of the scaling exponent γℓ solving the following equation in the
even-parity channel (ℓ = 0):
√
2u+ 1
u+ 1
= − cos[(γℓ + 1) arccos(
u
u+1
)] + (−1)ℓ cos[(γℓ + 1) arccos( −uu+1 )]
(γℓ + 1) sin[(γℓ + 1)π]
. (40)
On the other hand, in the hardcore limit a1D → −0, we again find the Efimov spectrum
En = −~
2κ′2∗
2µ
× e−2πn/sir , (41)
where the exponent sir is an imaginary part of γℓ solving the following equation in the even-parity channel
(ℓ = 0): √
2u+ 1
u+ 1
=
cos[(γℓ + 1) arccos(
u
u+1
)]− (−1)ℓ cos[(γℓ + 1) arccos( −uu+1 )]
(γℓ + 1) sin[(γℓ + 1)π]
. (42)
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We note that the scaling exponent γℓ of noninteracting A fermions satisfies the same equation (42) by ex-
changing the roles of even and odd parities ℓ = 0↔ 1. Therefore, the hardcore A bosons have the same energy
spectrum as the noninteracting A “fermions”. When 0 < |a1D| <∞, the spectrum of AAB trimers shows the
crossover from the bosonic scaling behavior (39) for
√
2µ|En|/~2|a1D| ≫ 1 to the fermionic scaling behavior
(41) for
√
2µ|En|/~2|a1D| ≪ 1. This Bose-Fermi crossover can be seen clearly in Fig. 3, where the ratio of
two successive binding energies
√
En/En+1 = κn/κn+1 is plotted as a function of 1/(κn|a1D|) for two mass
ratios mA/mB = 41/6 (left panel) and mA/mB = 41/40 (right panel) by choosing the 1D scattering length as
a1D = −κ−1∗ .
B Details of interlayer and interwire Efimov trimers
Here we provide details of the formation of interlayer and interwire Efimov trimers discussed in Sect. 4.3.
B.1 Bilayer 2D-3D mixture
Two A particles in two parallel 2D planes placed at z = zA1 and zA2 interacting with one B particle in 3D are
described by the Schro¨dinger equation (~ = 1):
[
− 1
2mA
(
∂2
∂x2A1
+
∂2
∂x2A2
)
− 1
2mB
(
∂2
∂x2B
+
∂2
∂z2B
)
+ V
]
ψ(xA1,xA2,xB, zB) = E ψ(xA1,xA2,xB, zB). (43)
Here x = (x, y) are two-dimensional coordinates and the zero-range potential V is given by
V ψ(xA1,xA2,xB, zB) = δ(xB − xA1) δ
(√
mB
µ
(zB − zA1)
)
f1(xA1 − xA2)
+ δ(xB − xA2) δ
(√
mB
µ
(zB − zA2)
)
f2(xA2 − xA1).
(44)
The unknown functions f1 and f2 are defined as
f1(xA1 − xA2) ≡ 2πaeff
µ
lim
xB→xA1,zB→zA1
∂
∂R1
[R1ψ(xA1,xA2,xB, zB)] (45)
and
f2(xA2 − xA1) ≡ 2πaeff
µ
lim
xB→xA2,zB→zA2
∂
∂R2
[R2ψ(xA1,xA2,xB, zB)] , (46)
where µ ≡ mAmB/(mA+mB) is the reduced mass, aeff is the effective scattering length, andRi ≡
√
(xB − xAi)2 + mBµ (zB − zAi)2
(i = 1, 2) is the “distance” between A and B particles [17]. Since the system is translationally invariant in the
x and y directions, it is convenient to introduce new coordinates
x12 ≡ xA1 − xA2, xAB ≡ xB − xA1 + xA2
2
, and X ≡ mAxA1 +mAxA2 +mBxB
2mA +mB
(47)
and separate the center-of-mass coordinate X .
For bound states E = −|E| < 0, the Schro¨dinger equation is formally solved by
ψ(x12,xAB , zB) = −
∫
dx′12dx
′
ABdz
′
B 〈x12,xAB, zB| 1H0 + |E| |x
′
12,x
′
AB , z
′
B〉V ψ(x′12,x′AB , z′B). (48)
By imposing the short-range boundary conditions from Eq. (45)
lim
xAB→
x12
2
,zB→zA1
ψ(x12,xAB, zB) =
µ
2π
[
1
aeff
− 1
R1
]
f1(x12) +O(R1) (49)
and from Eq. (46)
lim
xAB→−
x12
2
,zB→zA2
ψ(x12,xAB, zB) =
µ
2π
[
1
aeff
− 1
R2
]
f2(−x12) +O(R2), (50)
15
we obtain a set of two integral equations obeyed by f1(x12) and f2(x12). These integral equations in the
momentum space are expressed by
 µ
2πaeff
+
√
µ
mB
∫
dqdqz
(2π)3

 1
(2p−q)2
4mA
+ 2mA+mB
4mAmB
q2 +
q2z
2mB
+ |E|
− 1
q2
2µ
+
q2z
2mB



 f1(p)
= −
√
µ
mB
∫
dqdqz
(2π)3
eiqz(zA1−zA2)
(2p−q)2
4mA
+ 2mA+mB
4mAmB
q2 +
q2z
2mB
+ |E|
f2(q − p)
(51)
and 1↔ 2. By defining f± = f1 ± f2, we arrive at a closed integral equation obeyed by f±(p):
[√
2u+ 1
(u+ 1)2
p2 + ε− 1
aeff
]
f±(p) = ±
∫
dq
2π
e
−d
√
u+1
u
√
p2+q2+ 2u
u+1
p·q+ε√
p2 + q2 + 2u
u+1
p · q + ε
f±(q), (52)
where we defined u ≡ mA/mB , ε ≡ 2µ|E|, and the interlayer separation d ≡ |zA1 − zA2|. Finally, the partial-
wave projection f
(ℓ)
± (p) ≡
∫ π
0
dϕ
π
cos(ℓϕ) f±(p) leads to
[√
2u+ 1
(u+ 1)2
p2 + ε− 1
aeff
]
f
(ℓ)
± (p) = ±
∫ ∞
0
dq q
∫ π
0
dϕ
π
cos(ℓϕ)
e
−d
√
u+1
u
√
p2+q2+ 2u cosϕ
u+1
pq+ε√
p2 + q2 + 2u cosϕ
u+1
pq + ε
f
(ℓ)
± (q). (53)
The same integral equation has been derived in Ref. [32] by using a field theoretical method. This integral
equation for f
(ℓ)
+ in the s-wave channel (ℓ = 0) has been solved numerically to find the spectrum of interlayer
AAB trimers which is plotted as a function of d/aeff in the left panel of Fig. 4 for two mass ratiosmA/mB = 40/6
and mA/mB = 6/40.
B.2 Biwire 1D-3D mixture
The case for two A particles in two parallel 1D lines placed at x = xA1 and xA2 interacting with one B particle
in 3D can be studied in the same way by exchanging the roles of above x↔ z. The resulting integral equation
obeyed by f±(pz) ≡ f1(pz)± f2(pz) is[√
2u+ 1
(u+ 1)2
p2z + ε− 1aeff
]
f±(pz) = ±
∫ ∞
−∞
dqz
π
K0
(
d
√
u+ 1
u
√
p2z + q2z +
2u
u+ 1
pzqz + ε
)
f±(qz), (54)
where we defined the interwire separation d ≡ |xA1 − xA2|. This integral equation for f+ in the even-parity
channel f(pz) = f(−pz) has been solved numerically to find the spectrum of interwire AAB trimers which is
plotted as a function of d/aeff in the right panel of Fig. 4 for two mass ratios mA/mB = 40/6 and mA/mB =
6/40.
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